We investigate the dynamics of triaxial collapse (in the absence of rotations) in terms of a new set of nine dimensionless variables. These nine variables correspond to the eigenvalues of the deformation tensor (λ a ), the tensor of velocity derivatives (λ v ) and the Hessian of the gravitational potential (λ d ). Starting from the well-known equations of Bond & Myers, we derive a new set of evolution equations for the nine eigenvalues and examine their dynamics in phase space. The main advantage of this form is that it eliminates the complicated elliptic integrals that appear in the axes evolution equations and is a more natural way to understand the interplay between the perturbations. This paper, the first in a series of two, focuses on the density-velocity dynamics. In the linear regime, the Zel'dovich approximation implies that the three tensors are proportional; the proportionality constant is set by demanding 'no decaying modes'. This relation is extended into the non-linear regime by imposing the condition 'no perturbations at the big bang epoch'. This gives a implicit relation between the three λ d and λ v tracing out a special plane in the 6D phase space, which we call the 'Zel'dovich hyperplane'. We show that at late times all density and velocity fluctuations lie on this plane to an accuracy of 1%. It is often assumed that, in the 'linear' regime, the fractional density contrast δ is equal to the sum of the eigenvalues of the deformation tensor. We analyse the validity of this approximation and find that it strictly holds true only for very early epochs. At later epochs, due to the triaxiality, the relation breaks down even for linear values of δ. Finally, we examine the dynamics in the 2D density-velocity divergence phase space and discuss the relation between the scatter and the shear component of the velocity field. As an application, we numerically compute the one point PDFs of the two variables and compare to some existing forms in the literature. We find that this simple model is able to reproduce the behaviour in voids rather well, but disagrees at high densities.
INTRODUCTION
Modeling the non-linear growth of fluctuations and in particular understanding the relation between the density and velocity sectors is an important issue in cosmology today. Although numerical simulations are becoming increasingly efficient, the need for analytic approaches still remains. Perturbative methods are extremely useful, but have limited validity and extending them to the non-linear regime requires sophisticated resummation techniques (see for e.g., Matsubara 2008; Matarrese & Pietroni 2007; Nadkarni-Ghosh & Chernoff 2011 . However, restricting the dynamics to simpler geometries can sometimes give considerable insights into the non-linear regime. The simplest of such models is the spherical top-hat model (Gunn & Gott 1972; Peebles 1980) . The main attractive feature of this model is that analytic solutions can be obtained for pure matter dominated cosmologies. But observed luminous galaxies or clusters and the simulated dark matter haloes (for e.g. Jing & Suto 2002 ) are more ellipsoidal than spherical and hence a more realistic description of the dynamics is given by assuming an ellipsoidal or triaxial geometry. The problem of gravitational collapse of a homogenous ellipsoid has been studied to various levels of approximations since the 1960s. Early studies (Lynden-Bell 1964; Lin, Mestel, & Shu 1965) examined the isolated ellipsoid in a non-expanding background. Cosmological extensions were performed by Icke (1973) and White & Silk (1979) but under the assumption that the background did not exert an external forces on the ellipsoid. Bond & Myers 1996 (hereafter BM96) included the effect of the background in terms of an external tidal field and a recent extension to their model was provided by Angrick & Bartelmann (2010) . Eisenstein & Loeb (1995) provided a more complete analytic model that includes rotation as well.
Both spherical and triaxial collapse models are local in the sense that the dynamics of the perturbation variables at a given point depends only the initial values of the variables at that point. Although the full dynamics is non-local (i.e., the gravitational field needs to be known everywhere), such local approximations have proven to be extremely useful. For example, Press & Schechter (1974) first used the critical density for collapse predicted by spherical dynamics as important ingredient in constructing the mass function. Later, extensions were performed using ellipsoidal dynamics (for e.g., Monaco 1995; Sheth, Mo, & Tormen 2001) . Other applications include predicting the non-linear probability distribution function (PDF) of density and velocity fields (Fosalba & Gaztanaga 1998b,a; Scherrer & Gaztanaga 2001; Ohta, Kayo, & Taruya 2003 , 2004 Lam & Sheth 2008b,a) , predicting collapse times for halo formation (Monaco et al. 2013) or building haloes from dark matter simulations (Despali, Tormen, & Sheth 2013) . In many of these applications the ellipsoidal model performs better than the spherical one.
Recently, Bilicki & Chodorowski (2008) used the spherical top-hat model to derive an analytic form for the non-linear relation between density (δ) and the (scaled) velocity divergence (Θ). They showed that it slightly improved the analytic form given by Bernardeau (1992) based on perturbation theory. Nadkarni-Ghosh (2013) (hereafter N13) generalized their result by examining the dynamics of spherical perturbations in the joint 2D δ − Θ 1 phase space. This method did not depend on any analytic solutions of the top-hat. Instead it extended the requirement of 'no decaying modes' used in the linear solution to the non-linear regime. This analysis showed that the condition 'no perturbations at the big bang' can be imposed at any epoch to give a non-linear relation between the density and the velocity divergence. The relation traces out a special curve in phase space which was termed 'Zel'dovich curve'. The Zel'dovich curve turns out to be an 'attracting' solution i.e., small initial perturbations starting anywhere in phase space are eventually attracted to this curve and those that start along it stay along it to a high degree of accuracy. This curve was examined for a range of flat dark energy cosmologies with constant equation of state. It was found that a combination of the analytic forms of Bilicki & Chodorowski (2008) and Bernardeau (1992) , extended to include the dark energy dependence, provided a good fit to the Zel'dovich curve. In this paper, our aim is to examine triaxial collapse from a similar phase space point of view. Instead of two dimensionless variables δ and Θ, the triaxial system needs six. We identify these as the three eigenvalues (λ d ) of the Hessian (tensor of second partial derivatives) of the peculiar gravitational potential and three eigenvalues (λv) of the tensor of partial derivatives of the velocity field 2 . The trace of the former is δ and that of the latter is Θ. The Zel'dovich curve now becomes a relation between these six variables which we refer to as the 'Zel'dovich' hyperplane. Since the internal potential of the triaxial system is intimately connected to its shape, these six variables are connected to the three eigenvalues of the deformation tensor (λa).
Starting from the BM96 set of equations for triaxial collapse, we obtain a set of nine coupled one-dimensional equations governing the dynamics of these eigenvalues. This new set is more advantageous to work with because it eliminates the need for the elliptic integrals that appear in the original evolution equations for axes lengths. Using this set, we demonstrate that the Zel'dovich hyperplane to an accuracy of 1% acts like an attracting subspace in the 6D phase space. The hyperplane being a higher dimensional object cannot be directly visualized; instead we plot 2D subspaces to see the relation between the density and velocity variables for each axis. This analysis also gives us insight into the relation between the density and the trace of the deformation tensor ( λi). It is usually assumed that the linear regime, which usually refers to 'small' density contrasts, these are the same. We illustrate that for this to be true, it does not suffice for the density to be small; the individual eigenvalues of the gravitational shear tensor should be small. At later epochs, it is erroneous to equate the trace of the deformation tensor to the density, even when the density is small. In order to understand the non-linear density-velocity relation we examine the dynamics in the 2D δ − Θ space. We find that the relation has a scatter with the Zel'dovich curve forming an upper bound. We show that this scatter can be attributed to the (traceless) 'shear' part of the velocity field. Chodorowski (1997) discussed this point based on perturbation theory, the ellipsoidal collapse provides an alternate view of the same based on 'local dynamics'. Finally, as an application we numerically compute the marginal one-point PDFs of the density and velocity divergence and compare them to some existing forms in the literature. The analysis of the evolution of the deformation tensor and the resulting axis ratios is the subject of a subsequent paper (paper II; Nadkarni-Ghosh & Singhal; in preparation).
The paper is organised as follows. §2 establishes the notation and the equations for the nine eigenvalues starting from the well known equations for axes evolution (BM96). The computational definition of the 'Zel'dovich hyperplane' is discussed and its relevance in the phase space evolution is demonstrated. §3 discusses the dynamics in the 2D δ − Θ plane. Differences with the spherical case are discussed and the origin of the scatter is analysed. §4 derives the one point PDFs numerically and compares it to existing forms in the literature. §5 provides a summary and conclusion. Throughout this paper the terms 'ellipsoidal' and 'triaxial' are used interchangeably.
DYNAMICS OF THE ELLIPSOID

Notation and equations
Consider a uniform ellipsoidal distribution of cosmological fluid consisting of dark matter and dark energy evolving in a flat, homogenous and isotropic background. Let ρm,e be the matter density inside the ellipsoid. It differs from the background matter densityρm; the difference is characterized by the fractional density δ = ρm,e/ρm −1. The dark energy is the same inside and outside the ellipsoid and is described by a cosmological constant with density ρΛ. Let the origin be at the centre of the ellipsoid. The ellipsoid can be completely characterized by the evolution of its three principal axes. In this paper we follow the equations of BM96, which assume that the direction of the axes remains unchanged throughout the evolution. The physical coordinate of each axis ri can be written as ri = ai(t)q (i = 1, 2, 3), where q is the comoving radius of the corresponding 'Lagrangian sphere' (BM96): this is a sphere concentric with the ellipsoid whose mass equals that of the ellipsoid but whose density is the same as the background. ai are the 'scale factors' of each axis and a is the background scale factor. Throughout this paper we will use the subscript 'i' to index the axes and 'init' to denote initial conditions. Mass conservation during evolution implies a 3 q 3ρ m = a1a2a3q 3 ρm,e giving
The evolution of ai according to BM96 is
where
In eq. (2), the first term in square brackets corresponds to the background potential and the second term to the perturbation potential. The αis are parameters that describe the internal potential of the ellipsoid and are computed using Carlson's elliptic integrals (Carlson 1987 (Carlson , 1989 Press et al. 2002 ; see appendix B for relations). λext,i(t) models the external tidal field. In this paper, we will use the non-linear approximation 4 . Using standard definitions:ρm = Ωmρc, ρΛ = ΩΛρc and H 2 = 8πGρc/3 and converting the time variable to a gives
Note that the Ω parameters are functions of a and are related to their values today (a = a0) by
In this paper we will consider only two cosmologies. The EdS case with Ωm = 1 and ΩΛ = 0 and the ΛCDM case with Ωm = 0.29 and ΩΛ = 0.71. The evolution of the ellipse is completely determined once six parameters are known: the three axes lengths ai,init and their velocitiesȧi,init at some initial epoch ainit.
3 Our notation differs slightly from BM96: α i ≡ b i and λ ext,i ≡ λ ext,i in BM96. With this, the two terms
in BM96 are equal to δα i 2 in our notation. 4 A recent paper by Angrick & Bartelmann (2010) experimented with using a hybrid model to compute halo mass functions. They used the non-linear expression of BM96 at early times and reverted back to the linear expression of BM96 after turn-around. They concluded that the hybrid model and the non-linear model gave approximately the same results. We prefer to use a single function than a piecewise one so we stick to the BM96 form An alternate description of the ellipse can be given by a set of nine dimensionless parameters
where i = 1, 2, 3. The eigenvalues λ d,i are ordered as
. This implies the ordering λv,1 λv,2 λv,3 and λa,1 λa,2 λa,3 at all times.
The three λa characterize the shape of the ellipse in terms of the deviation from the background. They correspond to the eigenvalues of the 'comoving strain or deformation tensor' (see Appendix A for definitions) . Because the ellipsoid is always deformed along its principle axes, the deformation tensor is diagonal at all times. When an axis is collapsing λa → 1, whereas for an expanding axes, λa → −∞.
The three λ d correspond to the eigenvalues of the Hessian of peculiar gravitational field. Equation (7c) comprises of two terms; the first corresponds to the internal potential of the ellipse and the second to the external tidal field or the traceless gravitational tidal tensor. This definition and the fact that i αi = 2, implies
This is also the consistency condition arising from Poisson's equation. The three λv capture the deviation of the velocity of each axes from the background Hubble flow. They correspond to the eigenvalues of the tensor of (scaled) velocity derivatives. The trace part gives the 'expansion'
where v =ṙ − Hr. In our definition, a negative λv implies a infall and a positive λv implies expansion. The three eigenvalues completely describe the curl-free velocity field of this model. Not all λs are independent. Equation (7c) defines an implicit relation between the three λ d and the three λa. This can be seen by substituting eq. (8) in eq. (7c) and using the definitions of αi and λa. In general, this relation is not linear. However, when the perturbations are small, the Zel'dovich approximation implies λa,i = λ d,i and λv,i = −λ d,i . Equation (8) reduces to
We emphasize that eq. (10) is not valid in the non-linear regime and we will illustrate the difference in §2.3. Usually it is standard to characterize the shape of the ellipse in terms of the 'ellipticity' e and 'prolaticity' p parameters (Bardeen et al. 1986 ). These are sometimes defined in terms of λ d , but as has been emphasized in the literature (for e.g., Angrick & Bartelmann 2010), such definitions are valid in the linear regime. Connecting the shape to λ d,i in the non-linear regime necessarily involves solving for the three axes lengths. An important assumption in the framework of Bond & Myers is that the principle axes of the deformation tensor and gravitational shear tensor coincide at all times during the evolution. If this assumption is violated then the ellipsoid can rotate and additional parameters need to be introduced to describe the dynamics. A more general framework that allows for rotation has been introduced by Eisenstein & Loeb (1995) .
In terms of the λ parameters, the equations eq. (5) and its initial conditions are
We have introduced boldface symbols for quantities that are 3-tuples. The product (1 − λa,init)(1 − λv,init) does not denote a dot product. It is just the product of the corresponding components for each axes. The boldface a denotes the axes of the ellipse and a denotes the scale factor of the background.
The Zel'dovich hyperplane
In general, the choice of λa,init (or alternatively λ d,init ) and λv,init are independent. However, for sufficiently early epochs, the Zel'dovich approximation (Zel'dovich 1970) is generally employed which states that the velocity is proportional to the acceleration. The proportionality constant is set by requiring 'no growing modes' (Buchert 1992; Susperregi & Buchert 1997) . 
This breaks down when the perturbations are in the non-linear regime. In spherical dynamics, the non-linear relation is given by the Zel'dovich curve (N13) which satisfies the form
with γ1 = 0.56 and γ2 = −0.01 for a ΛCDM cosmology. This curve is time-invariant for an EdS cosmology, but changes for the ΛCDM case due to the variation of Ωm throughout evolution. This formula is a combination of the forms of Bernardeau (1992) and Bilicki & Chodorowski (2008) . For triaxial dynamics, the situation is a bit more complicated because of higher dimensions, but the main idea remains the same. Density and velocity divergence are replaced by the 3D λ d and λv and we wish to find the combination which ensures that there are no perturbations at the big bang. This set of 6-tuples defines a plane in the phase space of perturbations which we call the 'Zel'dovich hyperplane' and denote as (λ d , λ (11) with λv as a unknown initial value which is solved for three simultaneous conditions a(a = 0) = 0. It does not suffice to solve for only one or two of the axes. δ = 0 at a = 0 only when all three axes are zero simultaneously. The value for ainit is taken to be the epoch for which the Zel'dovich plane is desired. For a EdS cosmology the 6-tuples (λ d , λv) obtained this way are the same for all epochs, but they change with epoch for a ΛCDM cosmology. Unlike the spherical case, where the one-dimensional Zel'dovich curve could be easily visualized, it is not possible to visualize this 6D hyperspace for the triaxial case. But one can still numerically investigate the role played by the Zel'dovich hyperplane in the phase space evolution.
Dynamics in the phase space
In principle only six evolution equations are needed: one for each component of λ d and λv. These are obtained by their definitions in eqs. (7a), (7b) and the evolution given by eq. (11). However, it turns out that the equation for λ d,i involves complicated functions of ai which cannot be inverted easily since in the non-linear regime the relation between λ d and the axes is implicit (see Appendix B). The system simplifies greatly if one adds the parameters λa to the set. Thus, the net system for the nine λ parameters is
One can check that this system reduces to eq. (15) when all three axes are equal and gives the expected linear relation when the λs are small (see Appendix B). For the EdS case, this system forms an autonomous set of equations i.e., the r.h.s. is independent of the variable 'a' where as for the ΛCDM case it is a non-autonomous system i.e., explicit appearance of the dependent variable a in the r.h.s. This is related to the fact that the Zel'dovich hyperplane is time-invariant in the EdS case, but not for ΛCDM. The relevance of the Zel'dovich hyperplane can be understood by following the trajectory of an initial point (λ d,init , λv,iinit) and examining how much this trajectory deviates from the Zel'dovich hyperplane at late times. Start with a set of random initial conditions at a = 0.001 drawn from the probability distribution function given by Doroshkevich (1970) 
The latter set has a 100% deviation at the initial time a = 0.001. The deviation decreases exponentially with a as ∼ a −2.6 for both EdS and ΛCDM cosmologies.
and Angrick 2013 for recent extensions)
. This PDF is gives the value at a = 1; the value at a = 0.001 is obtained by multiplying by the appropriate linear growth factor Dodelson 2003 
The distance between the two points in the 6D space is a measure of how close the trajectory gets to the Zel'dovich hyperplane. We define the relative deviation at any epoch as
where, ||x − y|| denotes the norm i (xi − yi) 2 . Figure 1 shows the average relative deviation as a function of a for the EdS (left panel) and ΛCDM models (right). For each case, two sets of initial conditions were considered. The first set was initialized at a = 0.001 using the standard Zel'dovich approximation: λv,init = −λ d,init (solid line). The error between this linear limit and the exact values that lie along the Zel'dovich hyperplane was found to be 0.1%. This value was set as a measure of the tolerance i.e. at any other epoch, the error was chosen to be the maximum of two numbers: mean deviation (average over 50 points) and the tolerance. It was found that at most future epochs, the error stays within 0.1% rising at late epochs, but staying within 1%. The second set of initial conditions (dashed line) was started with λv,init = −2λ d,init corresponding to 100% deviation at a = 0.001. This case clearly illustrates the attracting nature of the Zel'dovich hyperplane. The relative deviation quickly drops down from 100% at a = 0.001 to the sub percent level at a = 0.1. This implies that even trajectories that start far off from the Zel'dovich hyperplane eventually find their way onto it. For this set of initial conditions too, the error rises slightly near a ∼ 1.
The reason for this late time rise is not yet fully clear. Some understanding can be gained by looking at it from the point of Lagrangian perturbation theory (LPT). In the most general formalism, the first order LPT solution consists of three terms: one corresponding to the initial acceleration field and other two corresponding to the longitudinal and transverse parts of the initial velocity field (Buchert 1992 ). An important assumption in the construction is that the initial fields all contribute at first order. The time dependent coefficients of these terms have both growing and decaying modes. The higher order spatial solutions all get fixed once the initial density and velocity fields are fixed. In general, every higher order term has a decaying mode. The Zel'dovich approximation is a special case, which assumes that, initially, the transverse component of the velocity is zero (for good physical reasons) and the longitudinal component is proportional to the acceleration field, with the constant determined by demanding 'no decaying modes'. This assumption implies that there are no decaying modes in the first order solution, but these modes will be present in higher order solutions. Imposing 'no perturbations at the big bang' is equivalent to imposing 'no decaying modes' at every order in the LPT solution. This requires adding more spatial terms at second order which can be interpreted to give a 'higher order' contribution to the initial velocity field. Including these terms, can generate additional growing modes (see Ehlers & Buchert 1997; Nadkarni-Ghosh & Chernoff 2013 for the LPT series construction). Thus, the two solutions, one obtained by imposing 'no growing modes' initially and then evolving and the other obtained by imposing 'no growing modes at every order' are different and the differences could potentially grow at late times. Whether this explains the observed behaviour quantitatively is yet to be understood and is beyond the scope of this paper. Here, it suffices to note that the differences are of the order of 1% and we conclude that to this accuracy, the Zel'dovich hyperplane does indeed play a special role in the dynamics.
The entire Zel'dovich hyperplane cannot be visualized directly. Nevertheless, it helps to visualize 2D subspaces defined by the parameters (λ d,i , λv,i). , where δ sph and Θ sph are given by eq. (15). The main interesting point observed here is that the 'mean' relation between the largest eigenvalue λ d,1 and the corresponding λv,1 is close to the linear one. It is clear that in the non-linear regime, each axes has a different relation between λ d and λv i.e., the 'vectors' λ d and λv are no longer proportional. This means that although in the triaxial model, the gravitational shear tensor and velocity derivative tensor always have the same principle axes, their eigenvalues are not simple multiples of each other. This is related to the fact that the gravitational acceleration and peculiar velocity are not parallel to each other in the non-linear regime, which has been discussed earlier in the context of Lagrangian perturbation theory (for e.g., Bagla & Padmanabhan 1996; Susperregi & Buchert 1997; Nadkarni-Ghosh & Chernoff 2013) . We also note the distinction between the breakdown of parallelism and breakdown of proportionality; for e.g. for the sphere with a radially dependent overdensity, the acceleration and velocity in the non-linear regime are always parallel at any point (both are radial), but yet as fields they are not proportional.
δ vs. trace of the deformation tensor
Using the phase space evolution one can also investigate the relation between the exact non-linear density δ = i λ d,i and its linear approximation δ l = i λa,i. Figure 3 shows the difference at three epochs: a = 0.01, 0.4 and 1. The dashed line denotes the linear relation and the solid line denotes the relation when all the axes are equal. In this case, λa = δ l,sph /3, where δ l,sph is the linear spherical overdensity and from eqs. (1) and (7a) we have
The dots indicate the numerically evolved data points. It is clear that at early times the linear approximation is valid, but at later epochs (middle and right panels), it fails for values as low as δ l ∼ 0.01, which are small enough to be considered linear. For example, for some points with δ l = 0.01, the middle panel (a = 0.4) shows the non-linear δ to be 10 times higher. The right panel (a = 1) shows it to be 100 times higher. Thus, the linear approximation severely underestimates the actual value of δ and in particular ceases to be valid at late times even for linear densities. This discrepancy can be understood if one examines the mathematical expressions relating δ and δ l . From eqs.
(1) and (7a) At early times, all λas are small and the second order correction is small for all values of λa. However, due to the asymmetry, it is possible to have two values of λa large (∼ O(1)) but with opposite signs. This asymmetry is already present in the initial conditions. The initial PDF given by eq. (17) has only 16% probability of generating all λs with the same sign (all positive or all negative). In 84% of the cases, there are atleast two with different signs (this distribution stays more or less constant through the evolution; see Appendix C). Suppose λa,1 = −λa,3 ∼ O(1) and λa,2 is small. Then the second order term reduces to λ 2 a,1 ∼ O(1), i.e. not small compared to the first order terms. To illustrate this, we consider one sample point in the right panel. This has values {δ l , δ} = {0.004, 1.134} and the individual λa = {0.708, −0.819, 0.115}. The second order terms in this case add up to 0.5, much larger than the linear value. Therefore, strictly speaking, the approximation that δ ∼ 3 i=1 λa,i is valid only at very early epochs a 0.01.
In passing, we also note that all the data points lie above the solid curve which represents the spherical relation. This can be proven mathematically: for a fixed sum i λa,i, the l.h.s. of eq. (20) is minimum when all the axes are equal.
DYNAMICS IN THE δ − Θ PLANE.
In this section we analyse the dynamics in the 2D space corresponding to the variables δ = λ d,i and Θ = λv,i.
Ellipsoid vs. sphere
The dynamical equations for the variables δ and Θ are given by The δ equation follows from the definitions in eqs. (1), (7b) and (9). The Θ equation follows from summing eq. (16b) over all i and rearranging the terms. Figure 4 shows {δ, Θ} pairs from one realization of the case σG = 1. The dashed line is the prediction of linear theory given in eq. (14). The solid black line is the Zel'dovich curve of the sphere and it acts as a limiting case for the dynamics. The corresponding equations for the sphere are (N13)
For a given δ, Θ is smaller for the ellipse as compared to the sphere. Mathematically, this can be seen by computing the rate of evolution dΘ/dδ:
where the numerator N (λv,1, λv,2, λv,3) = 4 is always negative these inequalities imply that triaxiality causes overdense regions to infall faster and underdense regions to expand slower. Triaxiality also implies some regions which are underdense but infalling, a possibility excluded in the spherical model.
Unlike the sphere, the δ − Θ relation now has a spread. The spread is least at the void limit δ = −1 and increases as δ → ∞. This means that the void limit of the ellipse is the same as the sphere and we can compute it analytically. From eq. (15) 
The exponent of Ωm is slightly different from the value of 0.6 given in Bernardeau et al. (1997) ; Bernardeau (1992) . There have been proposals to constrain the value of Ωm using this value of maximal expansion in voids (for e.g.: Dekel & Rees 1994; Bernardeau et al. 1997) .
Scatter in the δ − Θ plane
The non-linear density-velocity divergence relation (DVDR), also known as the gravity-velocity relation, has been discussed in great detail by various authors in the past (Bernardeau 1992; Nusser et al. 1991; Gramann 1993; Bernardeau & van de Weygaert 1996; Chodorowski & Lokas 1997; Chodorowski et al. 1998; Bernardeau et al. 1999; Kudlicki et al. 2000; Ciecielg et al. 2003; Kitaura et al. 2012) . These analyses are based on higher order perturbation theory, either in Eulerian or Lagrangian frame, or on numerical simulations. All of them show a scatter around the mean-relation which is usually attributed to two reasons. One reason is the non-locality of the dynamics captured by higher order perturbation theory. In linear theory, both in Eulerian space (continuity equation) or in Lagrangian space (Zel'dovich approximation), the DVDR relation is local i.e., the velocity divergence/velocity at a point is given by the density/gravitational acceleration at that point. Higher orders of perturbation theory depend on derivatives of lower orders and to determine them, the field needs to be known everywhere (non-local). This non-locality makes the relation stochastic or non-deterministic because although the field equations are deterministic, the initial conditions are random. Another related reason is the traceless 'shear' component of the tensor of velocity derivatives. The eigenvalues of this tensor are λv,i − Θ/3 and their relation to the scatter has been discussed by Chodorowski (1997) from the point of view of perturbation theory. The triaxial model provides a nice illustration of the same effect based on local dynamics. This is clear from considering eq. (24). The terms that differ from the sphere are all second order and vanish when all the axes are equal. Figure 5 illustrates this effect for the data plotted in figure 4 . The mean Θ is plotted as a function of the largest eigenvalue of the shear tensor (λv,1 − Θ/3). In the void limit when Θ > 0, the shear is small and increases in the overdense regions as Θ becomes more negative. The scatter shows the same trend. In other words, the scatter arises from the asymmetry in the system. Indeed, the non-linear DVDR based on the spherical collapse model, which is both local and symmetric, and shows no scatter. In simulations (for e.g., Bernardeau, Chodorowski, Lokas, Stompor, & Kudlicki 1999; Kudlicki, Chodorowski, Plewa, & Ryczka 2000) it is seen that the 'mean δ − Θ relation' is given by Bernardeau's formula based on second order perturbation theory Bernardeau (1992) . This formula is a reasonably good fit to the Zel'dovich curve, implying that spherical dynamics approximately acts as a mean description. On the other hand, triaxial collapse predicts that the scatter is bounded by the Zel'dovich curve, in disagreement with simulations. This disagreement is not surprising -simulations solve for the dynamics almost exactly. Effects such as rotation of the halo and non-local physics due to interaction between the environment are all accounted for, where as, the triaxial model considered here is a rather simplistic, rotation-less, local model. Ohta, Kayo, & Taruya (2003) , whose work was based on the ellipsoidal collapse model also observed this kind of sharp cut-off at the spherical limit. Here we are able to explain it based on the ellipsoidal equations and the ensuing phase space dynamics.
MARGINAL PROBABILITIES p(Θ) AND p(δ).
As an application of this method, we compute the marginal probabilities p(Θ) and p(δ) and qualitatively discuss the joint PDF p(δ, Θ).
Numerical runs
The numerical runs were performed by evolving a set of 10 4 initial conditions using the equations of phase space dynamics given in eq. (16). At the desired final time the δ and Θ are computed according to definitions given in eqs. (8) and (9). Each set was drawn from the distribution given by eq. (17). Three scales were considered: σG = 0.5, 1 and 2. The initial σG is related to the scale of the perturbation: the exact dependence depends on the shape and amplitude of the power-spectrum. For the BBKS power spectrum with ns = 1 and σ8 = 0.9, σG = 0.5, 1, 2 corresponds to length scales of R f = 16.4,7 and 3.65 h −1 Mpc respectively. Two cosmologies were considered: EdS (Ωm = 1, ΩΛ = 0) and ΛCDM (Ωm = 0.29, ΩΛ = 0.71).
The realization at a = 1 was the same for the two cosmologies, but the values at the initial epoch a = 0.001 were set by multiplying by the correct growth rate factor. By a = 1 roughly one-tenth of the points had undergone collapse. For each σ value, five realizations were evolved; the PDF is the average over five and the error bars correspond to the standard deviation.
Theoretical Estimates for comparison
The one-point distributions of the non-linear density and velocity fields have been discussed in great detail in the past. One of the most popular forms for the density PDF is the empirically motivated log-normal model given by Coles & Jones (1991) . While this form has been checked by simulations (for e.g., Kayo, Taruya, & Suto 2001 , Kitaura et al. 2012 , there are others based on more analytical approaches. For example, Kofman et al. (1994) constructed the non-linear PDF from the linear Gaussian PDF by expressing the non-linear density as a function of the linear λ d via the Zel'dovich approximation. Further work by Bernardeau & collaborators (Bernardeau 1994; Kofman et al. 1994 ) gave forms for the large scale density PDF, both in Eulerian and Lagrangian spaces, from cumulants calculated using perturbation theory. Later Fosalba & Gaztanaga (1998a) gave an alternative approach to computing the cumulants using the spherical collapse model as a local approximation for the dynamics. Ohta, Kayo, & Taruya (2003 , 2004 formulated the differential equations for the evolution of the one-point PDFs and solved them using the spherical and ellipsoidal collapse as local approximations for the dynamics. More recently, Lam & Sheth (2008a,b) derived the density PDF both in real space and redshift space based on excursion sets and ellipsoidal collapse. The PDFs that come from the present analysis are in the Eulerian frame. We found that the log-normal form, which is probably the simplest of the ones above, did not match well in the highly overdense and void regions. The perturbative form proposed by Bernardeau (1994) (henceforth B94) promises to do better in these regions. Hence the final PDF we chose for comparison is combination of the two:
with σ ln = ln(1 + σ 2 δ ), a sδ = 1.84, y sδ = −0.184, φ sδ = −0.03. We have chosen the n = −3 values for the parameters as, ys, φs from B94 (this corresponds to the case of no smoothing). σ introduced by B94 to account for the fact that the PDF calculated by the perturbative form did not perform well at high δ.
For the velocity divergence the form for p(Θ) proposed in B94
where These 'patched' up PDFs are not normalized. Our aim is not to provide a precise normalized PDF but rather to use these forms as a comparison so as to understand and illustrate the potential and limitation of this method.
Results: p(δ) and p(Θ)
We construct PDFs from the data generated by the numerical runs described in §4.1. The output is analysed at three different epochs: a = 0.05, 0.4 and 1 (corresponding to z = 19, 1.5 and 0). Three scales were considered: σG = 0.5 (red),1 (blue dotted), 2 (brown, dashed). Figure 6 shows the marginal probability distribution p(δ) at the three epochs. The points denote the data and the lines denotes the analytic distribution. The top and bottom panels are the EdS and ΛCDM cosmologies. At early times, the departure from Gaussianity is small and the log-normal model provides a good fit. At later epochs, the void regions continue to fit well with the Bernardeau form, but the high density regions show a deviation between numerics and analytical approximations, even with the correction factor of B94 included. This departure can be attributed to two reasons. Firstly, triaxial collapse is local, whereas higher order perturbation theory can account for non-local effects. The other reason is be that the perturbative approximation fails at high values of δ and the correction factors given in B94 are expected to work only for σ δ 1. Nevertheless, the reasonably good agreement for voids is encouraging. It means that the triaxial collapse model can be used effectively to model voids.
The PDF of Θ , shows in figure 7 shows a similar behaviour. The x-axis in this case is Θmax − Θ, where Θmax is the maximal value in voids given by eq. (25). The point Θmax in this variable corresponds to Θ = 0 and is shown on the graph. Points to the left of Θmax correspond to voids and those to the right correspond to overdensities. We see that the analytic expressions given by eq. (30) fit very well at early times when the perturbations are in the linear regime. At later epochs, the agreement is maintained in the void regions, but gets worse in the overdense regions. Figure 8 shows the evolution of the joint PDF p(δ, Θ) for the EdS model (left panel) and the ΛCDM model (right panel) at a = 1. The region above the Zel'dovich curve is overlaid to indicate the sharp cut-off observed in figure 4. Our graphs are in reasonably good agreement with the joint PDF plotted by Otha et al (figure 5), which was also based on ellipsoidal collapse, although they have a slight spill over which may possibly be a plotting artifact. Both for EdS and ΛCDM, the scatter increases as time elapses (at early times the scatter is minimal; all points obey the local linear relation). However, the limiting spherical curve in the two cases is different. The scatter is greater for a higher σG (not shown). In N13, it was demonstrated how the attracting nature of the Zel'dovich curve could be exploited to remove parameter degeneracies related to the power spectrum normalization or index. But the same cannot be done with the joint PDF. Unlike the spherical Zel'dovich curve which does not depend on the initial σG, the joint PDF carries the signature of the initial width (we investigated two more values of σG; data not shown). 
Joint pdf
CONCLUSION
The main points of this paper can be summarized as follows.
• We recast the well-known Bond & Myers' set of equations governing the axes evolution of a triaxial system into a new set (eq. (16)) for nine dimensionless parameters: λa,i, λv,i and λ d,i , i=1,2,3. These correspond to eigenvalues of the deformation tensor, the tensor of velocity derivatives and the tensor of second derivatives of the gravitational potential. The main advantage of this reform is that it eliminates the dependence on complicated elliptic integrals which are present in the original system. Furthermore, it allows one to track the eigenvalues directly giving more insight into the dynamics. With these definitions δ = λ d,i and the scaled velocity divergence Θ = λv,i.
• In linear theory 'no decaying modes' implies that the λ d and λv for each axis are proportional, but this breaks down in the non-linear regime. Using the ideas in N13, we extended this to the non-linear regime by imposing the condition 'no perturbations at the big bang'. This gives a relation between the three λ d and λvs at any epoch and this set of 6-tuples lies on a hyperplane in 6D. This was termed the 'Zel'dovich hyperplane' in analogy with the Zel'dovich curve in the spherical case. This plays a special role in the dynamics of perturbations. Perturbations, no matter where they start in phase space, eventually lie along this plane within an error of 1%. In particular, we find that along this plane, in the highly non-linear regime, the mean relation between the largest value of λ d and the corresponding λv stays close to linear.
• Using the same phase space equations, we analysedd the relation between the density δ and the trace of the deformation tensor λa,i. In the linear regime, λ d,i ≈ λa,i and δ ≈ λa,i. To understand the validity of this statement we examined the δ − λa,i relation a function of time. We find that linearity of this relation breaks down at late times even for 'linear' δ values. This emphasizes the point that the 'linearity' refers to the individual λs. In the non-linear regime, because of a cancellation between λas of opposite signs, it is possible to have a 'linear' δ although the λs are of order unity.
• One of the aims of this paper was to understand the δ −Θ relation in the non-linear regime. From the nine-dimensional set for the eigenvalues, we obtained a two dimensional set that governs the δ − Θ dynamics. Unlike the linear or spherical relation, the triaxial system shows a scatter. This scatter arises from the 'shear' part of the velocity derivative tensor as was shown earlier by Chodorowski (1997) using higher order perturbation theory. The triaxial collapse provides a nice illustration of the same based on 'local' dynamics. The nature of the scatter is fundamentally different than that observed in simulations. Triaxial collapse predicts that the spherical relation acts as an upper bound to the scatter, where as simulations (for e.g. Bernardeau, Chodorowski, Lokas, Stompor, & Kudlicki 1999 ) predict it to be closer to the mean. This discrepancy can probably attributed to effects of rotation, interaction between the neighbours etc. that are captured by simulations, but ignored in the simple model considered here.
• As an application of this method, we examined the pdf of the density and velocity perturbations. We focussed primarily on the marginal PDFs p(Θ) and p(δ) and discussed the joint PDF only qualitatively. We compared them to known analytic forms in the literature and found that the agreement was rather good in the void regions, suggesting that even this simple model may be useful to describe realistic void dynamics. The mis-match in the high density tails of the PDFs is probably due to a combination of the breakdown of the model as well as the analytic form which is based on perturbation theory. As another application we will consider the evolution of axis ratios (paper II, in preparation Nadkarni-Ghosh & Singhal 2014).
In N13, we showed how the attracting nature of the Zel'dovich curve could be exploited to remove certain parameter degeneracies related to the normalization or slope of the initial power spectrum. Trying to exploit the same feature in the Zel'dovich hyperplane is not so straightforward. One has to find some relation between the three λ d and λv which does not show a scatter and depends only on the background cosmology. This is left to future work.
There are many limitations of the triaxial model considered here. The first important assumption is that the principle axes stay fixed throughout the evolution i.e., no rotations are included. Second, the ellipse is isolated; the dynamics is local. There are no interactions between neighbours. The effect of the environment is modeled through the effective external non-linear tidal tensor, which depends completely on the axes lengths. The first extension of this analysis would be to follow the more complete set of equations such as those given by Eisenstein & Loeb (1995) , which includes rotation. Additional parameters will be required to model the rotational degree of freedom, but the basic language in terms of dimensionless parameters remains the same. Building more sophisticated analytic models could help address some of the issues related to alignment or initial shapes of haloes which have been raised in recent simulations (see for e.g. Despali, Tormen, & Sheth 2013 . This work presents the first step towards such a goal.
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